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Abstract:
This paper presents various methods for the determination of the workspace of parallel robots. Different types of
workspaces are defined, and algorithms for calculating them are presented. We propose a universal method of
approximating the working space of a robot by reducing to finding the solution set of system of nonlinear
inequalities. The method obtains a set of multidimensional boxes approximating the working space of the robot with
the given accuracy. As a result of proposed algorithm obtained the outer and inner approximations, which defined as
a set of parallelepipeds. This method is useful for visualization and further processing to produce a variety of shells
workspace. Application of the method is illustrated by solving this problem for the realistic planar robot with parallel
structure.
Keywords: parallel robots, robot workspace, systems of non-linear inequalities.
Introduction.
Along with the traditional serial kinematic schemes of the robot, that allows independent variation of the coordinates
of nodes, in recent years a new class of robots with parallel kinematics attracted attention. In parallel robots changing
in one node may require simultaneous coordinated changes in others. Parallel robots have advantages w.r.t.t.
traditional ones: simple and robust mechanics, high precision of movements, low mass etc.
Finding the workspace of a parallel robot (a set of possible positions of the working tool) is one of the most important
problems in robotics. There are two approaches to this problem developed so fat: geometric methods [1-4] and
discretization [5-7]. Geometric approaches are quite efficient but can be applied to relatively simple robots.
Approaches based on discretization can be applied to more wide class of parallel robots. But methods of this sort are
quite sophisticated and require careful modelling analysis of the robot’s trajectory.
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In this paper we propose the new universal method of approximating the working space of a parallel robot by

reducing it to finding the solution set of system of nonlinear inequalities. For a given ε the method obtains a set of
multidimensional boxes approximating the working space of the robot. We also provide an example of application of
the proposed method to working space approximation for the realistic robot.
1. Workspace limits, representation and type
Parallel manipulators motions can be restricted by different factors: mechanical limits on passive joints, self-collision
between the elements of the robot, limitations due to the actuators and singularity varieties that may split the
workspace into separate components. The main problem with the workspace representation of parallel robots is that
the limitations on the d.o.f. are all usually coupled. Hence for robots having more than 3 d.o.f. there will be no
possible graphical illustration of the robot workspace. This is not usually the case with serial robots. For example, the
workspace of a 6 d.o.f. serial robot with a concurrent axis wrist may be represented by the 3D volume that may be
reached by the center of the wrist - this illustrates the translations, and by the surface that may be reached by the
extremity of the end-effector (which illustrates 2 degrees of freedom in rotation). The 3D volume depends only on the
motion capability of the first three actuated joints, while the orientation uses only the last three joints. A graphical
representation of the workspace of parallel robots will be possible only for 3 d.o.f robots. For robots with n >3 d.o.f.,
workspace representation will be possible only if we fix n –3pose parameters. According to which types of
parameters are fixed or to the constraint we impose on the parameter, we will obtain different typesof workspace.
The most usual types of workspace are:
− constant orientation workspace or translation workspace: all possible locations of the operating point C of the robot
that can be reached with a given orientation 213
− orientation workspace: all the possible orientations that can be reached while C is in a fixed location
− maximal workspace or reachable workspace: all the locations of C that may be reached with at least one orientation
of the platform.
− inclusive orientation workspace: all the locations of C that may be reached with at least one orientation among a set
defined by ranges on the orientation angles. The maximal workspace is a particular case of inclusive orientation
workspace for which the ranges for the orientation angles are [0, 2π]
− Total orientation workspace: all the locations of C that may be reached with all the orientations among a set defined
by ranges on the orientation angles
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− Dextrous workspace: all the locations of C for which all orientations are possible. The dextrous workspace is a

particular case of total orientation workspace, the ranges for the rotation angles being [0, 2π].
− Reduced total orientation workspace: all the locations of C that may be reached with a subset of the orientation
angles that may have any value in defined ranges, while the others may have arbitrary values. Such a workspace may
be important for applications that do not involve all the d.o.f. of the robot. For example, if a 6 d.o.f. robot is used as a
5-axis machine-tool, the φorientation parameter is not important. In this chapter we will focus on workspaces that are
limited only by geometrical constraints. But other constraints may limit the useful robot workspace: for instance we
have already seen that a threshold on the value of a singularity index may play a role in limiting the workspace of
therobot [8]; Kumar [9] introduces the notion of controllably dexterous workspace as the subset of the dextrous
workspace which does not containany singular configuration. The workspaces we will calculate in this chapter will
always include such specialized workspaces. Even if we assume a perfect knowledge of the robot geometry,
calculation of the workspaces is in general a complex task. We will thus suppose that this geometry is perfectly
known, but we must remember that manufacturing errors may have an influence on the workspace.
The most usual orientation parameters are the standard Euler angles ψ, θ, φand the pitch, yaw, roll angles. A problem
with the Euler angles is that they exhibit a representation singularity for θ= 0 as in this configuration the rotation
angle is ψ+ φ. To solve this problem, Bonev[10] propose using modified Euler angles, the tilt and torsion angles,
describing the orientation by a first rotation of angle φaround the z axis, followed by a rotation of angle θaround y,
and then a rotation of angle ψ, the torsion, around the new z axis. Bonev then discussed the best way to represent an
orientation workspace. He considered 3 possibilities:
− a coordinate system whose axes represent the three Euler angles
− a spherical coordinate system, where φ, θare the azimuth and zenith angles and ψis the ray length
− a cylindrical coordinate system, where φ, θare the circular coordinates and ψis the z coordinate
Bonev concluded that the last choice offers the best orientation workspace representation. As an alternative Pernkopf
proposed the use of the Euler parameters which may offer a better visibility for some motions [11].
2. Workspace calculation methods
Various approaches may be used to calculate the workspace of a parallelrobot. We will summarize these methods in
the next sections.
Geometrical approach. The purpose of this method is to determine geometrically the boundary of the robot
workspace. The principle is to deduce from the constraints on each leg a geometrical object Wlthat describes all the
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possible locations of X that satisfy the leg constraints. One such object is obtained for each leg and the robot

workspace is constituted of the intersection of all Wl. Consider for example a chain of a 6−UPS robot, and assume
that the only constraint is that the length of the leg has to lie in the range [ρmin, ρmax]: the extremity B of the chain
is constrained to lie in a volume which is comprised between the spheres with center A and radii ρmin, ρmax(figure
1). If we further assume that the orientation of the end-effector is constant, then each leg constrains C to lie in a
similar region Wil whose center is obtained by translating Ai by the constant vector BiC. The works pace of the robot
is then obtained as the intersection of the six Wil .We may also consider a PRRS chain in which the prismatic
actuator is connected by a universal joint to a link of length l: the volume V that may be reached by B is constituted
of part of a cylinder with radius l and height ρmax−ρmin, topped by two hemispheres with radius l (figure 1). If the
orientation is constant we can get Wil from V by a simple translation.

Figure 1.The volumes that can be reached by the B point of the chain of a parallel robot.
The choice of the task space may be important to simplify the calculation. For example Husty[12], shows that
homogeneous coordinates with an appropriate kinematic mapping may be appropriate, since they allow a simple
representation of the constraints for a planar 3−RPR robot. This approach is usually restricted to 3D workspace and is
able to deal mostly with the constraints on the joint coordinates, although we will see that joint limits and interference
constraints may be taken into account in some cases.
The main interest of the geometrical approach is that it is usually very fast and accurate, and provides a minimal
representation of the workspace which may be used to calculate efficiently some characteristics of the workspace,
such as its volume. Its drawbacks are that it must be tailored to the considered robot, it may be difficult to take all
constraints into account, and the minimal representation of the workspace may not be the most appropriate for tasks
such as motion planning. A possible simplified approach is to compute only slices of the workspace, and to
approximate the section of Wl by polygons. This approach requires a good computational geometry library that is
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able to execute Boolean operations, whether intersection, union, or difference, on polygons with arbitrarily many

edges.
Discretisation Method. Numerous papers dealing with workspace calculation use methods based on the
discretisation of the pose parameters, in order to determine the workspace boundary. In this discretisation approach,
the workspace is covered by a regular grid, either cartesian or polar, of nodes. Each node is then tested to see whether
it belongs to the workspace. The boundary of the workspace is constituted of the set of valid nodes, where at least one
close neighbor does not belong to the workspace. The advantage of this method is that it allows one to take into
account all constraints. But this approach has many drawbacks:
− the accuracy of the boundary depends on the sampling step that is used to create the grid, the computation time
grows exponentially with the sampling step, so that there is a limit on the accuracy.
− problems occur when the workspace possesses voids.
− the boundary representation may involve a large number of nodes
− the boundary is used for different operations such as determination of the workspace volume, inclusion of a
trajectory in the workspace, etc. When performed on a boundary represented by a discrete set of poses, these
operations are computer intensive. To avoid this drawback, Chablat (79) proposed storing the workspace
representation as an octree structure that allows faster motion planning and volume calculation. Still, getting the
structure is computer and memory intensive. A web page allows us to use this method to calculate on-line the
workspace of 6−UPS and 6−PUS robots.
Numerical method. Another approach to workspace calculation was suggested by Jo [14].Taking the constraints on
the joint coordinates into consideration, he transformed the inequalities that are imposed by these constraints into
equalities by introducing extra variables. He then considered the generalized coordinates(vector X), the joint
coordinates (vector Θ) and the variables (vectorw) that are introduced by the transformation of the inequalities into
equalities. Let q be the vector that is constituted of all of these unknowns. The structure of the mechanism leads to
constraint equations on the components of q which may be written in implicit form as Φ(q) = 0. Let JΦbe the
jacobian of the system, i.e. the matrix:

  Ф Ф Ф  
,
,


Х

w  



JФ   

(1)

The workspace boundary is obtained as the set of vectors q, such that for agiven X, there will be not be a unique set
of vectors Θ,w. In other words,the rank of the matrix:
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(2)

is lower than its dimension. A numerical procedure is then used to calculatethe pose of the platform where this
condition is satisfied. We note, however, that Jo illustrated this approach only for the simple case of the calculation of
the constant orientation workspace of a 6−UPS robot. The introduction of other constraints limiting the workspace
would lead to a jacobian so large as to render the procedure quite difficult to manage. Adkins [15] and Haugh[16]
manage to find a point on the boundary, and use a numerical continuation method to follow the boundary. Although
this approach is general, Adkins and Haugh restrict their calculation for a constant orientation workspace, as the
general problem will be very complicated. Butthese authors were able to predict the singularity barriers that may
splitthe workspace into different aspects (an aspect is a maximal singularity-free component of the workspace).
Instead of using a continuation method to follow the boundary, some authors have proposed formulating that pointas
a constrained optimization problem [17].Another method is based on the principle that, for a pose on the boundaryof
the workspace, the velocity vector of the moving platform cannot have a component along the normal of the
boundary. Agrawal [18] and Kumar[19,20] use this method for manipulators with only revolute joints, andapplied it
to various planar robots to calculate the maximal workspace and the dextrous workspace. The main drawbacks of this
method are that prismaticactuators cannot be considered, and it is quite difficult to introduce the notions of
mechanical limits and of interference between links. An efficient method based on interval analysis is described in
the interval analysis appendix. It has the advantages of being able to deal will almostany constraint and any number
of d.o.f., and has proved to be efficient in computing the most difficult case of 6D workspaces of 6−UPS robots.
However it provides only an approximation to the workspace (but up to anarbitrary accuracy and with an error bound
on the error) and is relatively computer intensive. Finally let us mention two special cases: micro-robots and wire
robots. Arai [21] considers the micro-robot case; he supposes that the actuatormotions are small enough so that he
may consider the inverse jacobian to be constant. Moreover, as the orientation changes are small, he considers only
the part Jt-1of the inverse kinematic jacobian corresponding to the translatory motions, and writes for each link j

2aj  T JtT Jt1

(3)
j

This relation means that, for each link and for a fixed maximal∆өa , thecenter of the platform is inside a zone which is
bounded by a quadric, andthe workspace is the intersection of these quadrics.
3. Mathematical formulation
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Assume that the working space X ⊆Rn ,n = 2,3 of a parallel robot is defined by a system of inequalities
𝑔𝑗 𝑥 ≤ 0, 𝑗 = 1, … , 𝑚,
𝑎𝑖 ≤ 𝑥𝑖 ≤ 𝑏𝑖 , 𝑖 = 1, … , 𝑛.

(4)

From (4) follows that X ⊆ P, where P = {x :ai ≤ xi ≤ bi},i ∈1, 𝑛— n-dimensional parallelepiped (box). It is assumed
thatgj(·) : Rn → R,j∈ 1,m satisfy Lipschitz condition on the set P with a constant L, i.e. for any x1,x2∈ P:
| gi x1   gi x2   L x1  x2 , i  1,...,n

(5)

To solve the problem (4) means to somehow approximate the set X ⊆ Rn of its solutions.
Cover is the set of n-dimensional boxes Pi, i = 1,...,k, such that

P   i1,k Pi

(6)

where each Pi, i ∈1, 𝑘satisfies at least one of the three conditions:
gj(x) >0 for somej ∈1, 𝑚and allx ∈Pi,

(7)

gj(x) ≤ 0 and allj ∈1, 𝑚and allx ∈Pi,

(8)

(7) and (8) are not valid andd(Pi) ≤ δ,

(9)

where δ is apredefined positive value, which determines the accuracy of the approximation.
Denote by I ⊆1, 𝑘a set of indices that Pi on condition i ∈ I satisfies the relation (8) or (9). In the sequel we call the
collection of these parallelepipeds the approximation family, and let Q denote their union: Q = ∪i∈IPi.
Theorem. Suppose that boxes Pi, i = 1,...,k form a cover. Then
X⊆ Q ⊆ X ε, (10)
where ε = δ L andXε= {x ∈P : gj(x) ≤ ε}. In the sequel Xε= {x ∈P :gj(x) ≤ ε} will be called ε-feasible set. In [9] it is
shown that under the assumptions (5) the set Xεtends (in the Hausdorff metric) to X when ε tends to zero. According
to (8) in the limit of Q will also aim to X.
4. The method of the cover construction
The method is based on ideas proposed in [21]. A the first step conditions (7) - (9) are checked or the original ndimensional box P. Ifat least one of them is satisfied, the box is added to the cover. If the box is satisfied the
conditions (8), (9) it is added to the approximation family. Otherwise, it is divided along the longest edge into two
equal boxes. Then the described process is repeated for each of the obtained parallelepipeds. The process ends after
all created boxes were eliminated.
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The algorithm requires checking conditions (7) and (8). It is assumed that there are procedures for determining the

global maximum and minimum of functions gj(x),j = 1,...,m on the n-dimensional box:
𝑚𝑗 𝑃𝑖 = 𝑚𝑖𝑛𝑥∈𝑃𝑗 𝑔𝑗 (𝑥),𝑚𝑗 𝑃𝑖 = 𝑚𝑎𝑥𝑥∈𝑃𝑗 𝑔𝑗 (𝑥)

(11) Then, ifmj(Pi) >0 for at least one j ∈ 1,...,m,

then the condition (7) holds. If for allj ∈ 1,...,mif holds thatMj(Pi) ≤ 0, then the condition (8)is true.
The proposed method can be applied to solve the problem of determining the workspace of the parallel robot
described in [3].The problem is formulated as follows: for the parallel planar robot, shown schematically in figure 2,
it is necessary to estimate with some accuracy the set X ⊆ R2 of possible position of the point Z . Two robot rod
fixed in points 1,2via mechanisms permitting to change the length l 1, l 2 and ensuring the unhindered rotation of the
rods around the fixing points.

𝑍

𝑥#
𝑥"

1

2
𝑙%

Figure 2.The scheme of a planar parallel robot.
Approximating the working area of the robot can be reduced to solving the system of inequalities (4) where
function gj(x) are defined as follows:
𝑔2 𝑥1 , 𝑥2 = (𝑙1𝑚𝑖𝑛 )2 − 𝑥12 − 𝑥22
𝑔1 𝑥1 , 𝑥2 = 𝑥12 + 𝑥22 − (𝑙1𝑚𝑎𝑥 )2
𝑔3 𝑥1 , 𝑥2 = (𝑥1 − 𝑙0 )2 + 𝑥22 − (𝑙2𝑚𝑎𝑥 )2
𝑔4 𝑥1 , 𝑥2 = (𝑙2𝑚𝑖𝑛 )2 − 𝑥1 − 𝑙0

2

− 𝑥22

where x1,x2 are coordinates of the working tool of the robot,𝑙1𝑚𝑖𝑛 and𝑙1𝑚𝑎𝑥 , 𝑙2𝑚𝑖𝑛 and 𝑙2𝑚𝑎𝑥 —structurally possible
minimum

and

maximum

length

of

the

rod l 1 and l 2, with l 0 forming

a

triangle l 0 l 1 l 2. For

the

functions g 1 (x), ...,g 4 (x) in (10) problem (8) can be solved analytically.
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The length of the horizontal edges of the source rectangle P may not exceed 𝑙2𝑚𝑎𝑥 + l0 + l1max , and vertical —
min
(l1max , lmax
), lower left corner is located at a point(−lmax
, 0). The following robot parameters were chosen for
2
2
the experiment: l1min = lmin
= lmin = 8, l1max = lmax
= lmax = 12, l0 = 5. Calculation performed on a personal
2
2
computer that with a quad-core Intel i7 processor 2.2 GHz and 16 GB of RAM. The algorithm was implemented in
Python using the ete [4] library. Figure 4 shows three approximating families forδ1 = 0.5 (fig. 4a), δ2 = 0.25 (fig. 4b)
иδ3 = 0.07 (fig. 4c) and analytically obtained workspace (fig. 4d). Experimental results show that changing the
parameter δ controls the accuracy of the approximation. As expected increasing accuracy also increases the
computation time, which for the considered three values of δwas 0.9, 2.4 and 6.6 seconds respectively.

Figure 3.Three approximating family and analytically built workspace.
∆ A, B = maxa∈A minb∈B a − b , A = Ui∈M Pi , B = Uj∈N Qj
∆ A, B = maxi∈M ρ(Pi , B)
∆ Pi , B = maxa∈P i minb∈B a − b
∆ Pi , B = maxa∈P i minj∈N minb∈Q j a − b
∆ Pi , B = minj∈N maxa∈P i minb∈Q j a − b = minj∈N ρ(Pi , Qj )
ρ Pi , Q = maxp∈P i minq∈Q p − q = minq∈Q maxp∈P i p − q
5. Conclusion
The article describes a method for constructing approximation of working space of the parallel robot defined by a
system of nonlinear inequalities. The proposed approach is based on the non-uniform covering method. Application
of the method is illustrated by solving this problem for therealistic planar robot with parallel structure. In the future,
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we plan to apply this approach to the problem of constructing working sets of three-dimensional robots of hexapod

and tripod types.
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