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Abstract.
The article describes two mathematical models of the elastic ring dynamics when it rotates on supports in the course of
processing according with mobile technology. One model uses the extendable center line hypothesis, the second - nonextendable. In this case, solution of partial differential equations that describe the dynamics of the ring, is very
challenging. Thus, for a ring rotating on supports, using the non-extendable center line hypothesis, we obtain a partial
differential equation of the sixth order, on the right side of which there is the second derivative of the delta function.
Therefore, to obtain the equations and solve them, we perform the transition from a system of partial differential
equations with constraints describing the behavior of the ring, to ordinary differential equations. We used the Lagrange
formalism for derivation of the equations. The dependences have been obtained for cutting forces and internal friction
forces acting along the generalized coordinates, taking into account the precession motion of the excited standing waves.
The calculation results obtained by the models of natural vibration frequencies of the ring rotating on the supports at
different speeds of rotation, are presented.
Key words: Mobile technology for processing large rings and shells; dynamics of a ring rotating on supports; standing
wave, oscillation frequency of a ring rotating on supports; effect of a supported ring rotation speed on its natural
oscillation frequency; internal friction of the rotating ring.
Introduction. When processing large rings and shells according to the mobile technology, they are put on two vertically
supporting rollers and are rotated by an attachable machining module for the purpose of to obtain their desired shape.
One of the most important tasks in this technology is the choice of process parameters to ensure the best accuracy of
shaping the body being processed. Rings and shells have finite characteristics of rigidity and are large in size, so in the
course of processing the body oscillations occur; they are caused by the action of cutting forces and disturbing factors
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due to non-ideal geometrical and physical characteristics. It is necessary to carry out calculations on dynamics of rings
and shells rotating on supports under the influence of various disturbing factors in order to account for those oscillations
in the practice of mobile technology.
The issues of rotating rings dynamics are considered mainly for a freely rotating ring; it is due to scientific works on
hemispherical resonator gyros [1] - [7]. The number of works on dynamics of elastic ring rotating on supports is much
less. One of the new questions arising in the solution of this problem is to find out the nature of the precession motion of
standing waves generated in the ring due to perturbation effect [8], [10] what should be considered in the equations. The
article deals with the mathematical simulation of the dynamics of a ring with ideal strength and geometric characteristics
that rotates on supports.
Its behavior is described by partial differential equations with the conditions of constraint specifying zero radial
displacements of the ring at the points of support. Two approaches are possible in solving the simulation problem. The
first is accounting for extensibility of the ring center line, and the second is when the center line of the ring should be
considered as non-extendable. For these two approaches, the solution of partial differential equations of the ring
dynamics with constraints is a very problematic issue. Therefore, it is advisable to use an approach based on the
reduction of partial differential equations to ordinary differential equations by introducing the generalized coordinates
using Fourier series. We used the Lagrange formalism to obtain the equations.
Main part.
Let's obtain dependences describing the behavior of the ring with extendable center line of constant radius rotating at a
constant speed  on two support rollers; the ring is exposed to action of external forces and internal friction forces. Let's
make the following assumptions to derive the equations. Support rollers have the shape of a cylinder with a constant
radius.
Axes of the rollers are parallel; their position during the rotation process is unchangeable. Rotation axes of the ring in
disturbed and undisturbed movements are the same. Let's consider the behavior of the ring using the flat cross-section
hypothesis.
To describe the ring behavior, let's define a fixed coordinate system
the ring, axis

directed vertically, and axis
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(Figure 1). Axis

is the rotation axis of

orthogonal to them.
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Figure 1. Coordinate systems.
Let's use a polar coordinate system

to define the positions of center line points of the rotating ring where

angle defining a point position on the ring center line relative to the axis O1XC associated with the rotating ring,

is the
- the

center line radius of the ring. The coordinate system origin is located in the center of the ring. The width of the ring is ,
its thickness is . Using this coordinate system, let's define the movement of any point of the ring during the deformation
process by projections of its movement on axes
at a point defined by the angle . Axis
orthogonal to

. The origin of coordinate system is located on the ring center line

is directed along the vector

the axis

tangential to the center line and

. The angle between the supports is equal to 2α.

Let's denote the displacement projections for a point of the center line of the ring upon deformation to the vectors
with

,

respectively

Let's set the values of displacements for points of the center line of the ring, taking into account its extensibility, in the
form of Fourier series.

Here
oscillations;

are unknown functions of time t which is necessary to determine; they set amplitude of
are functions of time which set the precession of standing waves generated in the ring; N is the
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number of terms being considered of the Fourier series. Let's consider a dynamic problem that occurs when processing
the rings according to the mobile technology. The locating chart for the ring and the machining module is shown in Fig.
2. During the processing, the machine and the ring are affected by cutting forces: radial, tangential and the one directed
along the rotation axis of the ring. The values of those forces depend on the cutting depth

, the cutting speed which in

turn depends on the angular speed of the ring rotation Ω and its radius r, and the material characteristics. When designing
a mathematical models, it is assumed that the angular speed of the ring rotation is constant, and therefore the tangential
cutting force causes displacement along the coordinate V, not affecting the ring rotation speed. The rings processed
according to the mobile technology have a large mass, on the order of tons. When an axial cutting force affects the ring,
its oscillations in the axial direction are substantially less than in radial and tangential, moreover, this force does not lead
to a change in the cutting depth, and has a static effect on the ring behavior, so its effect on the dynamics can be ignored.
Thus, when developing a mathematical model, it is necessary to take into account the dynamics of radial and tangential
components of the cutting force.

Fig. 2. Analytical model.
On the figure:

is the coefficient characterizing the degree of rigidity of the machining module with a cutter;

- Equivalent weight of machining module;
- Cutting forces affecting the machine tool and ring module, respectively;
- Tangential cutting force;
Ω - Ring rotational speed.
One of the features of machining modules which are used for the processing of rings according to the mobile technology
is their smaller rigidity, and smaller rigidity of technological devices wherein the tool is mounted, as compared with a
stationary machine. The cause is that a machine for mobile processing should be portable, take a small volume, so it

IJPT| Dec-2016 | Vol. 8 | Issue No.4 | 22726-22742

Page 22729

Aleksandr Ivanovich Polunin* et al. /International Journal of Pharmacy & Technology
could be put in a place where the best accuracy is provided. These conditions impose restrictions on the size of the
machine, and hence its characteristics of rigidity.
In the process of cutting, the ring and the machine are affected by cutting forces. Under their affecting, the rotating ring
becomes deformed, and the cutter changes its position due to its deformation, deformation of its fastening system, the
machine deformation, and deformation of the base for machine referencing. Deformation of the cutter compared to the
other parts is substantially less, so it can be neglected. Let's replace the deformation of the remaining elements of the
system with the total coordinate

. In this case, the analytical model for analysis of the dynamics could be presented in

the form as depicted in Fig. 2. Formula of kinetic and potential energies of the system and their derivatives are necessary
to obtain dynamic equations. According to Figure 2, the kinetic energy of the system consists of the kinetic energy of the
machining module

and of the rotating ring T. Formula for potential energy of the system must take into account the

potential energy of the elastic deformation of the machining module (coefficient

), and the potential energy of the

ring.
The kinetic energy of the ring rotating on the supports should be defined according to the dependence [8]
Ω

Where

Ω

Ω

are center line radius of the ring, the specific density of the material, and the cross-sectional area,

respectively.
The expression for the potential energy

Where

Е is modulus of elasticity of the ring material, I - moment of inertia of the ring.

Let's designate the movement of the tool and machining module in the process of cutting XP. Then the kinetic and
potential energies of the machining module are
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Let us find the dependences to account for the affect of cutting forces on the dynamics of the system. Analytical model
of this system is shown in Fig. 2.
The cutting force value in the radial direction is determined from the formula [9]

and in the tangential direction

Where:

- depth of cut;

- feed rate; V - cutting speed;

- coefficients. In general, these

relationships are non-linear.
A cutting depth change has the greatest influence on the dynamics. During processing, the cutting depth of the ring
depends on its set point

, the magnitude of the radial oscillations of the ring

will designate with the angular coordinate

relative to the axis OZ

1

at the cutter location which we

in the fixed system of coordinates, and the

magnitude of change the position of the machine and the cutter nder the action of radial force designated with the
coordinate

.

We have the following to determine a cutting depth (Fig. 2)
(5)

Let's designate the values of the cutting force in the radial and tangential directions, respectively, with

. In

accordance with (1), (2) and (5), the magnitude of their elementary work could be described with the dependence
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0
Fig. 3. Displacement of the system elements in the course of a cutting process.
From here, we get the following expression for the generalized cutting forces applied along the generalized coordinates.

Cutting force is generally a nonlinear function of the depth of cut.
In the formula for cutting depth,

Let us find the dependence of the generalized internal friction forces applied along the generalized coordinates
calculate the stresses occurred in the material of the ring, we will use the Voigt law

where

. To

is an internal

friction coefficient, and is a deformation.
When bending the ring, deformation of its layer at a distance z from the center line is related with the change of
curvature by the dependence
where

is the change in the ring curvature. Hence we have

.

Elastic moment of internal friction forces in a section of the ring
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Where

is the second area moment of the ring

Elementary work of this moment on the curve of the elementary part of the ring is
is a change in the angle value. Let's express the variation
. Then

where

where

through the variation of the generalized coordinate

.

The total work of the internal friction force around the ring corresponding to the variation of the coordinate
,
Value

is a generalized internal friction force applied alon the generalized coordinate
bending.

Similarly, we'll obtain the formula for the elementary work of the internal friction forces under tension of the ring

Generalized internal friction force applied along

under tension of the ring is determined by the formula

Let's represent in general terms the frictional force applied along the generalized coordinates

under tension.

We can write

Using these relationships, we have
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Similarly, we'll obtain the formula for the frictional force
caused by the ring tension. We have:

For generalized variables

we get:

When calculating the generalized friction forces

,

. in the case if the ring is non-rotating, the magnitudes

do

not depend on time, so we can write

Hence, the well-known result follows that generalized forces of friction can be calculated for the non-rotating ring by
differentiating with respect to time the expressions for the derivatives of the potential energy in generalized coordinates.
In this case, if the there is a standing wave procession, magnitudes

depend on functions

and

consequently on time. Therefore, the use of dependencies (6), (7) is incorrect in our case, and the formulas for

,

.

should be used.
Summarizing the relations for the friction forces, we get:
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Calculating the integrals in the formulas for the friction forces, we get the final dependencies to obtain bending values

For the friction forces caused by extension of the ring, we get

For internal friction forces applied along the generalized coordinates

we obtain for the bending and extension,

similarly
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When calculating the integrals we have used the dependencies
,
Constraints are superimposed on the generalized coordinates rings due to the availability of support points. The
constraint equations are of the form

Using the Lagrange formalism, conditions of constraints, the formulas (3), (4) for the forces, we'll get the system of
differential equations with undetermined Lagrange multipliers describing the dynamics of the machine unit and the
processed ring, and taking into account the precession motion of standing waves generated in the ring due to the affect of
disturbing factors. To obtain final dynamics equations for the ring, let's exclude from this system the undetermined
Lagrange multipliers, take into account the conditions of constraints, and use dependence relations [10] for the
precession motion of standing waves

 (j = 1, ..., N), where

is the ring

rotation angle,  - the ring rotational speed. The system takes the form
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Ω
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Ω
Ω

Ω

Ω

Ω

Ω

Let's get similar equations using the hypothesis of non-extendable center line of the ring. To this end, the radial
displacement value should be represented as

The tangential movement value for the points of the ring will be found from the dependence which is widely used
in the elasticity theory [2]

Then we get

Using the same approach as for the derivation of equations for extendable center line ring, we'll obtain a final set
of equations for behavior of a non-extendable centerline ring

=

,

=

,
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,

=

=

,

Where Lj=1+1/j2, Kj=j+1/j, mj=1+j2, nj=j2-1,

are the first and second line of R and M matrixes product, respectively, where

There have been carried out studies of natural frequencies values for a ring rotating on support that were calculated
according to different models. Ring parameters: the center line radius - 3m; width of the ring - 1 m; ring thickness 0.05m; modulus of elasticity - 2 10

11

N / m 2. The angle between supports - 80 degrees. Results of the studies are

presented in the tables. The values of the ring rotational speed and its natural oscillation frequencies are given in radians
per second.
Table 1. Consideration of the ring center line extensibility.
Rotational
speed of the 0
ring

2.

4

Natural
oscillation
31.1
30.6
29.4
frequency
Table 2. Consideration of the ring center line non-extensibility.

6

8

10

28.8

28.0

16.57

Rotational
speed of the 0

2.
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ring
Natural
oscillation

30.6

26.9

15.5

7.7

3.9

2 10-5

frequency
Analysis of the results shows that at low ring rotation speeds the calculation results for different models are close to each
other. With the increase of the ring rotation speed, a difference between the values of the calculated natural frequencies
increases. The cause is probably the fact that upon obtaining the equations for the ring with non-extendable centerline an
approximate linear relationship between the variables U and V has been taken from their constraint equation. More
correct is to obtain such equations from the equations of the ring with extendable center line by integrating into them the
conditions of constraint.
At the same time, the resulting equations for the ring with non-extendable center line may be used for calculations at low
rotational speeds of the ring. Their use is particularly convenient due to ease in the study of the influence of various
disturbing factors such as variable ring thickness along its perimeter, curvature, modulus of elasticity, etc., on the
dynamics of the ring in the course of shaping process.
Resume
The dynamic equations for a ring rotating on the supports have been obtained using hypotheses of extendable and nonextendable center line. Upon obtaining the equations, the transition from a system of partial differential equations to
ordinary differential equations by the introduction of the generalized coordinates was used. This has simplified the
process on obtaining the decision.
The equations have been obtained with the use of the Lagrange formalism. The equations considered the cutting forces
applied to the ring, and internal friction forces which take into account the precessional motion of standing waves within
the ring. The system was converted in order to eliminate Lagrange multipliers. The calculations according to the obtained
models have been carried out.
They have shown that at low ring rotation speeds the results of calculations are close to each other, and with an increase
in the rotational speed difference substantially increases, too. This is due to the method used for taking into account the
relation between radial and tangential movements of the ring points.
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Conclusions
The mathematical models for calculating the dynamics of a ring rotating on the supports when it is processed according
to the mobile technology with the purpose of shaping have been developed. The calculation results according to the
obtained models are represented. Results of the research may be used for mathematical simulation of shaping quality
upon the processing of rings using the mobile technology.
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